A complete intersection in a commutative ring R with identity is a regular element f of R such that geR and g/fe IR (the integral closure of R in its total quotient ring) imply that glf 6 R. It assumed that R is nonimbedded and that IR is a noetherian j?-module, and it is proven that the set of complete intersections in R is the set of regular elements of R not contained in any of a certain finite set of prime ideals of R, the nonnormal divisorial prime ideals of R together with the prime ideals which occur as an imbedded prime ideal of a proper principal ideal of R. This finite set of prime ideals contains the associated prime ideals of the conductor of IR in R 9 but it is shown that this is not always an equality.
In § §1-5 are developed properties of zero divisors relative to normalization and extensions of well known properties of integral domains in order to obtain the description of the set of complete intersections in a ring with zero divisors. The associated prime ideals of a proper principal ideal are then described, the set of complete intersections is shown to be closed, and some examples are given. Ring will mean throughout a non-null commutative ring containing an identity. 1* Valuations on a commutative ring* Let R be a commutative ring with identity, and let G be an ordered abelian group written additively. A valuation of R into G is a function v:R ->GU{°°} for which v{aβ) = v(a) + v(β), v(a + β) *> min {v(cc) f v(β)}, v(0) = <*>, and if V(OL) -co then a is a zero divisor in R for all a, β e R (where oo 4-a -oo ? oo + co = oo, oo > a for all a e G). With proof as usual,
v(ΐ) = 0, v(-a) = v(a), and if v(a) < v(β) then v(a + β) = v{a).
Let M be a multiplicative subset of R, let ψ: R->M~XR be the canonical homomorphism, and let w be a valuation of M~ιR. Then wf is a valuation of R.
Conversely, let v be a valuation of R with v(M) c G, and define w(fa/<fβ) = v(a) -v(β) for all a e R, βe M.
Then w is a valuation of M~ιR. This defines a bijective correspondence between the valuations of M~ιR and the valuations v of R for which v{M) c (?. Let Qϋί denote the total quotient ring of JS, and let IR denote the integral closure of R in QR. Thus there is a natural bijective correspondence between the valuations of R, those of QR, and those of IR.
A valuation v of R is finite on i? if #(α) ^ 0 for all a e i? If v is finite on jff, then the extension of v to IR is finite on IR. If v is finite on R, define the center of v in R to be the prime ideal {aeR\v(a) > 0}.
Let v be a valuation of R. Let N -{<xeR\v(cc) = 00}, a prime ideal of R containing only zero divisors. Let φ: i? -* R/N and ψ: R/N -> Q(R/N) be the canonical homomomorphisms, and let K υ denote Q(R/N). v extends uniquely to a valuation of K v , ψφa/ψφβ-+v(a +N) -v(β + N) , also denoted by v (where vψφ is the valuation v of R). The valuation ring of v, R v with maximal ideal m v is defined to be the valuation ring of v in K υ . Let N υ = {aeQR\v(a) = 00}.
2* Zero prime ideals* Let R be a commutative ring with identity. A zero prime ideal of R is a prime ideal of R which contains only zero divisors of R. The zero prime ideals of R, of QR, and of IR are in a bijective correspondence. If N is a zero prime ideal of R, let QiV = (QR)N, and let /iV = QN Π /i?. A maximal zero prime ideal of R is a maximal element in the set of all zero prime ideals of R. Every zero divisor of R is contained in a zero prime ideal of R. R is nonimbedded if every zero prime ideal of R is minimal. A minimal prime ideal is a zero prime ideal ( [1] 
surjective, and i iduces an isomorphism IR/1%1 ~ I(Rβl).
The Proof is similar to the proof of Proposition 2.
3. Prime divisors. Let v be a discrete rank one valuation of R, finite on R. Let ^3 be the center of v in R, and let N = N v Π R v is o/ £/ιe first kind on iϋ if N is a minimal prime ideal of i2 and /iV is of height one in R/N. Such a discrete rank one valuation, finite on R of the first kind will be called a prime divisor of R. PROPOSITION 
Let R be nonimbedded noetherian ring such that IRIQίl is a noetherian R module. If ace QR and if v(ac) ^ 0 for every prime divisor v of R, then a e IR.
Proof. Z(JB/3fJ) ~ IR/Q31 (Prop. 4) is a noetherian R module. Let JV X , -, JV; be the zero prime ideals of R. I(Rβl) ~ ©U /(i2/^)/I(iV,/9ΐ) and Q(R/yi) = 0U Q(Rβl)/Q{Niβΐ). Hence by Proposition 2 with the fact that the Proposition in question is valid for noetherian entire rings, a + N^IiR/N,), and a + SR e Q(R/W) is contained in I(R/3l). By Proposition 4 the injection is surjective, and a e IR + Let R be a noetherian ring, let aeR be regular, and let ^3 be an isolated prime ideal of (a) = Ra. Let N be a minimal prime ideal contained in 5β. Then ^3/iV is an isolated prime ideal of (a + N), and is of height one in R/N Proof. Let JVΊ, •••, JV t be the distinct zero prime ideals of R%.
, Ry is local, and therefore t = 1.
Note that a normal divisorial prime ideal of R is of height one in R. 4* Factorial rings* Let R be a commutative ring with identity. A regular element a of R is irreducible if a = βy implies either β or 7 is a unit of R. R is factorial if every regular element of R is a product of irreducible elements of R and if (a) is a prime ideal of R for every irreducible element a of R.
PROPOSITION 8. If R is factorial then R is normal.
The Proof is as usual. The Proof is the same as for integral domains, using the principal ideal theorem (Prop. 6). 5* Finiteness conditions on IR as an R module* For an overring S of R let (£(i?, S) be R: B R, the conductor of R in S, where R is the integral closure of R in S. Let 5ft be the nil radical of R. PROPOSITION Proof. See [4] vol. II, Appendix 6 for the definitions of grade and prime sequence. Suppose that ^3 e 3ί and a e 5β. There is a regular nonunit β of R such that ^3 is an imbedded prime ideal of (/?). Hence grade (R$) = 1. If ^3 were not an imbedded prime ideal of (a), RJRy' a would contain a regular nonunit, and grade (R#) would be greater than one. 7* Complete intersections in a ring* Let R be a commutative ring with identity. A regular element / of R is a complete intersection in R if and only if IR* f Π R = iί/. Equivalently if #ei? and 0// G IR then #// e i?. For a noetherian ring iϋ, let J*f% denote the set of associated prime ideals of an ideal SI excluding the prime ideal R (so that JtfR = 0). THEOREM 
Let Rbea nonimbedded ring such that IR is a noetherian R module. (Then R is noetherian. Let ^ = Γ\d^f{d) where the intersection is over all regular elements d of (£(i?, IR) (a) ^ = ^u J*f&(R, IR). Thus & is a finite set. {The complement of & in ^ consists of the prime ideals in ^ of height one, and & contains the nonnormal divisorial prime ideals of R.)
(b) Let f be a regular element of R. The following are equivalent.
/ is a complete intersection in R.

/ is contained in no element of ^.
The divisorial prime ideals of (/) are normal, thus isolated, and (/) is unmixed.
The Proof follows. Let & denote ©(.ff, IR). IR% = R^-IR ([1]). LEMMA 1. Let de& be regular, and let feR be regular. If f is contained in no element of J^(d), f is a complete intersection in R.
Proof. LetgeR with g/f eIR. Then d(g/f) = ceR, so ce (d): (/) = (d), and g/f = c/deR.
LEMMA 2. If f, is a complete intersection in R, then f is contained in no element of
Proof. Let ce&: (/). Then cf(IR) aR, SOCGK, and (£: (/) = £. LEMMA 3. If de& is regular, then
Proof. Let $ be a prime ideal of R, 5βg jy(cϋ). If ^3 is a zero prime ideal, then ^3<£,j^*(£. Let feR^β be regular with R%d: R^f = R^d. deR%& = K(i? $ , R % IR) = K(i2 ¥ , IR%). f is a complete intersection in iϋφ (Lemma 1), by Lemma 2 lίgSβ $ jyQZ(R$, IRφ), and ^3 g LEMMA 
Lei f be a complete intersection in R, and let g be a regular element of R with f contained in no divisorial prime ideal of (g). Then f is contained in no element of Proof. Let ce(g): (/). For some h e R, cf = gh, and v(f) ^ v(h) for every prime divisor v of R. Then h/f eIR (Prop. 5), h/f eR, and ce(g).
LEMMA 5. // ^3 is a nondivisorial associated prime ideal of a principal ideal generated by a regular element, then ?β e ^.
Proof. Let $ be a prime ideal containing a regular element witĥ 3 g <g% and let g be a regular element of R. By Lemma 1 there is a complete intersection / in R^β contained in no divisorial prime ideal of R%g. Apply Lemma 4.
LEMMA 6. Let ^3 be a divisorial prime ideal of R. If ^3 contains a complete intersection of R, then ^3 contains a unique zero prime ideal (and thus ^β is of height one in R).
Proof. Let / 6 ^3 be a complete intersection in R, let N be a minimal prime ideal of R contained in ^3 with ζβ/iV of height one in R/N, and let v u , v s be the distinct prime divisors of R centered at 5β with Vi(N) = {°o}. If there is a zero prime ideal distinct from N contained in Sβ, it follows that there is a minimal prime ideal distinct from N contained in 5β. N 2 , , N t be the distict minimal prime ideals of R which are contained in Sβ. 
PROPOSITION 15. Let R be a commutative nonnull ring with identity, and let f and g be complete intersections in R. Then fg is a complete intersection in R, and if f/g e R it is a complete intersection in R. Let feRbe
such that f n is a complete intersection in R for some integer n ^ 1. Then f is a complete intersection in R.
Proof. Let h e R. If h/gf e IR then h/g e IR, h/g e R, and h/gf e R.
If g/f G R and hf/g e IR, then hf/g e R. If k/f e IR, then hf*-1 //* e IR and h/feR.
Let R be a nonimbedded noetherian ring, and let D be the divisor group of R, the free abelian group generated by the prime divisors of JB ( §3). If / is a regular element of QR, let (/) = Σ* *>(/) v where the sum is over all prime divisors v of R. Let P= {(f)\feQB,f regular}, the subgroup of D of principal divisors, and let / be the subgroup of P generated by {(/)|/ is a complete intersection in R). I = P if and only if R = IR, and thus I = D if and only if R is factorial (Prop, 11) . P/I is torsion free (Prop. 15) .
Let 2t G D be a complete intersection, that is, let SI ^ 0 and % e I. Then (Prop. 15) there is a complete intersection f in R with % = (/). If heR, (h) € J if and only if h is a complete intersection in R.
8. Examples* 1. Let R be a reduced finitely generated ring over a field, of height one. The complete intersections in R are those regular elements of R which do not vanish at the nonnormal (singular) primes of R. E.g., for the plane curve y 2 -x 3 , P/I = Z, the integers, and for y 2 -x z -x 2 , P/I = ZφZ. 
, and ^ == {^5, SW}. ΓΛ^s J^(£ mα^/ 6e strictly less than ίT 5. Let i? = k [x, y, z]/(zx, zy) . (x, y, z) is the only nonnormal prime ideal of R, and it is divisorial. 6. Let R be a reduced, finitely generated ring over a field k. Then there exist f l9
, f 8 e R such that (f u •••,/,) is of codimension s in i2, is unmixed and self radical. Induct on s. For s = 1, choose /i such that the locus of / x is ^-transversal to Spec R, and such that / t is contained in no element of ^. The step from s -1 to s is the same as for s = 1 on the ring J?/(/i, * ,/ s _i). By affine localization, it follows that a protective reduced algebraic variety possesses a complete intersection of any codimension (which is locally a complete intersection of codimension s given globally by s forms contained in the homogeneous coordinate ring of the variety). There is an integer ^^0 such that w{gf') ^ n' + w(f). Then 0/'//' e Λ,, and #//' e Λ,. Let α(«β) be the subset of nonnegative integers n such that for any fern contained in no other prime in ^(R^), g e R%, g/f e IR% and w(g) = n +w(f) imply g/f e R % . Thus α(Sβ) contains all but finitely many of the nonnegative integers. Let / be an element of m contained in no other prime in ^(R%). If n ^> 0 is such that g e R p , g/f eIR% and w(g) ;> w + w(f) imply #// e R%, and if 7£ + w(f) e α($β), then % e 8. Lei 12 6e noetherian and have a unique nonzero zero prime ideal. Then the complete intersections in R are the units of R. Let n Φ 0 be nilpotent, and let / be a complete intersection in R. Then n = cfn for some c e R, (1 -cf)n -0, so 1 -cf is nilpotent and / is unit. 
Then (F)->(H) -(G), there is an #e£[F] with (E) -(iϊ) -(G),
H/GE is algebraic over fc, and H/Gek [V] . Thus meo(7).
